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Abstract

In 2018, Richard Gaggioli published a paper titled “Proposed 2nd Law of Thermodynamics: An assertive

statement”, suggesting we look at the Second Law not as a “negative” constraint (“real processes will inevitably

display dissipative properties, and the Law can quantify them by means of the Gouy-Stodola lost work”) but as
the definition of a general “driver” for equilibration processes. He used Available Energy in his analysis, but for
generality’s sake it is more convenient to adopt Exergy as the relevant thermodynamic variable.

Gaggioli's argument can be summarised as follows:

a) In every real process the exergy of an isolated system decreases;

b) Whenever an open system undergoes a steady process, exergy delivered from other systems will be
dissipated at a process-depending rate;

c) Exergy measures “non-equilibrium”, be it internal (T, p, ¢ gradients) or external (distance from other systems
in the state space), and whenever a system possesses non-zero exergy as a consequence of latent
disequilibrium, an equilibration process will ensue;

d) To impede such an onset it is necessary to supply exergy from another system to block the equilibration
process.

To proceed further, Gaggioli made an important assumption, an intuitive leap not derivable from the above

statements: “The rate at which a spontaneous process occurs is proportional to the amount of exergy

accessible to ‘drive’ the process and is measurable by the rate of exergy consumption” (we replaced Available

Energy with Exergy in this otherwise verbatim quote).

Scope of this paper is to extend Gaggioli's assumption by adapting a model formulated in the ‘50es by Ginzburg

and Landau: this rigorous approach allows us to demonstrate that in any equilibration process a proper

measure of the decrease of the system exergy is linked directly and explicitly to the time derivatives of the
relevant process variables via a case-dependent functional of the exergy itself. Two applications are developed
for a conduction/convection cooling of a solid bar and for the decay of a thermal Oseen-Lamb vortex.

Keywords: exergy; non-equilibrium; Ginzburg-Landau model

1. Introduction

This paper is a continuation of previous studies [15,16] and addresses the problem of the evolution of
thermodynamic systems that are in a state of non-equilibrium. Our method is based on a proper adaptation of
the Ginzburg Landau equation [8] and relies on a few general hypotheses incorporating Gaggioli's 2018
assumptions [3]. For better reference, let us repeat here some previously published results [16].

The evolutive version of the Ginzburg Landau equation is usually stated as (see [8,12])
99 _ 4 6F
E - %) (1)

where g—: is the variational derivative of F(j) w.r.t. .

In the Ginzburg Landau theory the functional F is a function of one or more “order parameters” . In [16] we
have shown how equation (1) describes the evolution of non-equilibrium systems towards their thermodynamic
equilibrium. In that study we considered homogeneous systems and -in a first approximation- neglected local
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inhomogeneities described by the gradients of the physical variables. In that approach the order parameters
are a properly selected set of thermodynamic variables: their evolution is related to the variation of the exergy
content E of the system. In non-homogeneous systems, E may be a function of both the thermodynamic
variables and of their gradients and, for more complex systems, there could be auxiliary equations relating
some of these variables. We demonstrated that, starting from few fundamental assumptions, it is possible to
characterize the dynamics of both conservative and dissipative systems by deriving a proper solution to

equation (1). Our assumptions are the following [see 15,16]:

1. Any spontaneous process is described by differential equations of first order in time. To describe the
process completely it is sufficient to know its initial state, to identify the relevant order parameters ¢, and
the material properties: if the initial state is well-posed, the initial velocities are obtained directly from the
differential equations, which then give the “velocity” (in the real time domain) at which the spontaneous
evolution proceeds.

2. In any equilibration process, there is some amount of mechanical work (possibly equal to zero) delivered
to the environment. This is the portion of work that has neither been used by the system to evolve nor
dissipated in the equilibration. If we look at the evolution of the system alone, the difference between the
maximum theoretical work that may be extracted from the system in its initial state (its exergy a t=to)) and
the part of it delivered to the environment is the “exergetic driver” responsible for the evolution of the system.
We indicate this function by E* .

3. The variation in time of the thermodynamic variables ¢;, i = 1...n, of the system is a function of the

variation (i.e., of the gradient) of E: in any volume V of the system, this variation is %f @;dV and must be

proportional to § [ EdV. In the simplest case (homogeneous system), E is a function of the thermodynamic
variables ¢;, i = 1...n only, and the gradients V¢; do not appear in the description of the evolution. If
inhomogeneities in the thermodynamic variables occur inside the system, their gradients will necessarily
enter in the evolution equations since in general they are related to internal energy degradation. The
evolution equations become (hereafter repeated indices are implicitly summed over)
dp; OE
e = i, )
4. Itis convenient to rescale the thermodynamic variables ¢; in such a way that they assume the value zero
at equilibrium. In the most general case, the elements of the matrix 4, ; in (2) may also depend on the ¢;.
5. We assume that the matrix 4;; is negative semi-definite, and more specifically that it is negative-definite
for real dissipative-systems and skew-symmetric for conservative systems2. This implies that the function
E is a Lyapunov function for the system, since one has
dE 0p; 09j
@ = A 5 =0 )
and further the function E, being the exergy of the system, is always positive and it is equal to zero only for
®; = @;0, Where gio are the equilibrium values of the order parameters. From the Lyapunov Lemma it
follows that the thermodynamic equilibrium is stable. Additionally, we shall assume that the function E has
just one minimum.
6. There is one equation (2) for every thermodynamic variable ¢;: constitutive equations linking ¢i, ¢; ... o«
can be possibly used to decrease the rank of system (2).
The phase space is spanned by the thermodynamic variables ¢;: it can be a finite-dimensional space of
functions depending on time or, for example, the Schwartz space of rapidly decreasing functions on R or
the L? space. In this last case, the matrix 4; ; can be seen as a differential operator (possibly non-linear) or
a vector field. In general, the boundary conditions will determine the properties of the phase space. In this
case equation 3) becomes
dE. [ 6E 0¢; 6EA S6E
dt ) sp; ot ) 8¢, Y Sg;
and, in general, one should examine the boundary conditions in order to determine if Z—f < 0. An example
will be given in Section 5.

dv

2. Dissipative systems of a more general type

! The function E(t) is sometimes called “the non-equilibrium exergy function”, but this notation is somewhat non-rigorous, because the
entire exergy content is per definition a non-equilibrium quantity.

2 Notice that only the symmetric part of 4;; enters in (3), so it is only this part of 4;; that must be negative semi-definite.
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From a mathematical point of view, it is natural to require f that the Exergy function of dissipative systems
possesses a global minimum corresponding to the equilibrium state. Let usexamine first an exergy functional
depending on one thermodynamic variable ¢. From a mathematical point of view the physical meaning of this
variable is not relevant and we can for the moment keep it unspecified: in real applications, ¢ can be related
to the temperature, the pressure, or the concentration of a given substance. The simplest choice for the
dependence of the exergy on ¢ and its gradient is

1

E=[,(f(p) +1Ivpl?)av (@)
The previous functional is well known in the Ginzburg-Landau theory [8]: in fact they considered the case in
which f(¢) possesses two minima and represents the functional describing the phase transitions between two
different phases. As stated above, we shall assume that f(¢) has only one minimum. The corresponding
evolution equation is given by

2= k'l72<p—k% (5)

If the system is close to its equilibrium state and a Taylor series is used to approximate the function f(¢), at
fourth order we obtain:

E = [, (bo?(1 +£0?) +2alvgl?) av (6)
where a, b and c are process constants. The corresponding evolution equation is:
= kT2 —blp(1+ c'p?) )

at
Notice that equation (7) arises in several physical applications, like microwave heating, chemical reactions

theory, and diffusion processes in biology.

3. A new perspective: exergy as the driver of itself

Scope of this paper is to address the problem of the evolution of the exergy in non-equilibrium thermodynamic
systems. The problem of the proper quantification of the exergy in regions far from quasi-equilibrium states is
of paramount relevance: in such systems, where some of the intensive properties may become ill-defined,
exergy still represents the potential for a system to do work as it relaxes toward an equilibrium state with its
environment, and can -albeit ideally- be measured. Furthermore, systems sufficiently removed from equilibrium
are characterized by large gradients, continuous energy flows, and the possible emergence of complex
"dissipative structures" like those found in living organisms or weather patterns. Thus, while the concept of
Exergy Destruction Eq maintains its importance, its calculation requires a different paradigm. It is though
generally accepted that even in complex non-equilibrium systems (most importantly, ecological and biological
ones), exergy can be used as a "goal function" to describe how a system develops and organizes itself to
maximize material and immaterial through-flows under the given constraints and maintain “order”. Since far-
from-equilibrium systems are governed by nonlinear interactions, they cannot be described by simple linear
equations, and specific theories have been proposed for their treatment, such as Extended Irreversible
Thermodynamics (EIT), Stochastic Thermodynamics and Maximum Entropy Production [1,4,6,7,10,11,13,14].
Of particular importance in the present context is the proposed use of Lyapunov Functions [2], where exergy
acts as a mathematical "anchor" that shows how a system naturally evolves or relaxes over time.

The novelty of the approach proposed in this paper is to address the problem of the evolution of exergy on the
base of the methodology described in the previous section, namely to assume that the order parameter is the
exerqgy itself4;. p=e. Now the functional F(¢) in (1) cannot be the exergy, as we assumed in (6), but it must be
a case dependent functional of it, to be identified on the basis of physical considerations®. Eqtn. (6) becomes:

F=J,(fe +;Ivel?)av ®)

and the corresponding evolution equation is®:

% = kp2e — kY 9)
de

at

3 This is the simplest possible choice, but the proposed mathematical approach remains valid in phase transitions or in complex
phenomena like shape memory alloys, known to display more than one minimum.

4 In the following, e is the specific exergy, in J/kg, J/m®or J/m, depending on the application.

5 This is analogous to Ottinger's GENERIC paradigm, in which the matrices L and M must be heuristically specified [11]

6 Gaggioli's proposal [3] was to assume de/dt=-Ke, which obviously leads to an exponential decrease of exergy in time. Eqg. (9) maintains
the dependence of de/dt on e(t), but the presence of the V2 operator and the addition of the dissipative function f substantially enrich the
solution domain.
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which is a diffusion equation for exergy with a term of exergy destruction given by —k %- Let us examine the

form this equation takes in the simple but very general case of the evolution of heat inside a solid by conduction.
Assume, for simplicity, that the temperature inside the solid evolves according to the Fourier law and there are
no internal sources (Figure 1). Imposing convective boundary conditions on the external surface B, the
corresponding equations read

o =krlT
A-VT+a(T—T,) =0 on B (10)

T(,0) = T;(x)
Where T, is the temperature of the environment, B is the boundary of the solid, 7 is the outward local normal

to the bounday and « is a measure of the heat transfer by convection on B. The contribution to the total exergy
from each particle of solid at location X and time t is:

de = pc,dT — T, (11)

By integrating the previous expression from the actual temperature of the solid at ¥ and t, T(X,t) and the
reference temperature Ty, the local contribution to the exergy is given by

e(%,t) = pc(T@E D) —To — Ty In (T(fo't))) (12)
The derivative of the exergy with respect to t, at any point in the solid, is
E=cpl(1-2)=arT(1-D2) (13)
at p at T T
where we used T, = k2V2T and k? = %. The previous expression can be also rewritten as
de To vT\?
2= v (awr(1-2))-a1, (%) (14)
If we identify the exergy flux by j = —/1|7T( - %) (—AVT being the heat flux) the balance equation becomes:
E4V-j=—eg (15)

2
where e; = AT, (VT—T) is the rate of exergy destruction per unit volume inside the solid. Also, since VZe =

2
pcV?T (1 - %) — pcT, (g) , equation (15) can be rewritten as
de

5 = k*Vie — e, (16)
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convection

convection

Figure 1: A solid body in thermal non-equilibrium

Equation (16) is indeed formally identical to equation (9) for e; = % . This suggests a physical interpretation

of the function f(e) in (8): it acts as an exergy “potential” for the exergy destruction. Furthermore, the equation

eq = % shows that e; must be understood as a function of e. In general, the exergy content of the solid is

defined by the initial condition at t = 0: if the initial condition is given by T (X, 0), the initial exergy content is
e(t =0) = [ pc(T(%,0) = Ty - Ty In (F22) ) av 17)

To
where the integral is performed over the volume of the solid. Then, if the temperature evolves according to
equation (10), the exergy at a time t is given by

e(t) = [ pc (TG 1) —To = Ty in ("22)) av (18)

To
and is in general a monotonic function of time that tends to zero at t— oo
The exergy destruction e, is also specified initially by the initial condition, i.e.
VT(#0)) 2
ea(0) = T, [ (Z22) " av (19)

T(X,0)

and at a time t is given by

eq(t) = AT, [ (‘7”’“))2 dv (20)

T(X,t)

The function e,4(t) is, in general, a monotonic function of time”. If the environment around the solid is at a
uniform temperature T, or if the boundaries of the solid are adiabatic, it is possible to show that e;(t) reaches
the value zero for t — «. Since both e(t) and e, (t) are decreasing function of time and the environment around
the solid is at a constant T,,, each one of the functions e(t) and e, (t) traces a trajectory in the plane (e, ey)
that starts at a point (e(0), e;(0)) defined by the initial non-equilibrium conditions and ends in (¢ = 0,e; = 0)
when equilibrium is reached. Some illustrative trajectories are shown in Figure 2. The function f(e) in 9),
defined up to a constant, is the area under the corresponding trajectory from e = 0 to a generic e, that is

7 This is a physically correct assumption for the case under consideration. But it can be shown that for a non-null set of choices of the
initial and boundary conditions e, (t) can be a locally increasing function of time (i.e., it decreases to 0 but not monotonously) [17]



PROCEEDINGS OF ECOS 2026 - THE 39™ INTERNATIONAL CONFERENCE ON
EFFICIENCY, COST, OPTIMIZATION, SIMULATION AND ENVIRONMENTAL IMPACT OF ENERGY SYSTEMS

28 JUNE — 03 JULY, 2026, CONSTANTA, ROMANIA
e
f(e) = J, eade (21)

K2, (e(0). ¢,(0))

Figure 2: Two possible trajectories with both e(t) and e, (t) decreasing towards the point (0,0).

4. Application to the evolution of the exergy in a conductive-convective bar.
In the case of a quasi-one-dimensional bar, the equations (10) become

oT _ 4297T

at | ax2

aT

F™ r0 —a(T|y=0—To) =0 (22)
aT

oxly a(T|y=, —Ty) =0

T(x,0) = f(x)

The bar exchanges thermal energy with the environment at temperature T, at both ends. We recall that « is
a measure of the heat transfer by convection to the surrounding and that the dimensionless parameter Bi =
al, where L is the length of the rod, is the Biot number of the system. The system (22) can be solved by the
Fourier method. The temperature T(x, t) is given by the following infinite sum:

T(x,t) = Ty + Lney Cne 4t (@ sin( Ayx) + Ay, cos(A,%)) (23)
where the Fourier coefficients c, are given by the integrals
1 L .
Cp = (0‘+§(“—2+’1$l))f0 (asin(A,x) + A, cos(1,x))(f (x) — Ty)dx (24)

and the eigenvalues 4,, are the positive roots of the transcendental equation (with just one root in each positive
interval (rn, t(n + 1)).):
2alcot(AL) = A2 — a? (25)
The eigenfunctions
Yn(x) = asin(A,x) + 1, cos(A,x) (26)
are orthogonal. Indeed one has fOL Y ()Y, (x)dx = (a +§(oz2 + Aﬁ)) Onm, Where &, ,, is the Kronecker
delta. As an example, let us take the following initial condition

T(x,0) = To(1 + wip;(x)) (27)
where w is a parameter. The corresponding temperature profile at time t is given by
T(x,t) = To (1 + wip; (x)e**41t) (28)
The value of the exergy at time t is given by eq. (18), i.e.
e(t) = pc fy (TO ) =Ty =Ty In (T(;fo't))) dx (29)

The exergy destroyed at time t is given by (see eq.(20)):
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eq(t) = AT, f; (TT"(Z;)) dx (30)
A plot of the temperature T (x, t) at different times is given in Figure 3. The parameters have been chosen as:
w = a = L = 1. The value of 1,, the first root of eq. (25), is 4, = 1.30654. Figure 4 displays the plots of —— ed(m

e(t)

and of —as functions of time. The initial values are respectively 0.101417 and 0.603058. Finally, Flgure 5)

shows the curve defined by e(t) and e, (t) in the plane (e, ey).

T(x,1)

]:) :i/\
=0

0.59

T T T T 1
0 0.2 0.4 0.6 0.8 x 1

L

Figure 3: Distribution of the temperature profile (eq. 28) for different values of time.
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Figure 4: Plots of ed(r)Land of =7 e( ) - as a function of the dimensionless time 7 = k?23t.
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Figure 5: Plot of ===as a function of the arrows show the direction of the trajectory.

5. Dissipation in an Oseen-Lamb vortex with thermal coupling

Consider the unsteady flow of an isolated line vortex in a fluid. We assume axial symmetry. In cylindrical
coordinates (r, 6, z), the velocity components are v = (v, vg,v,). By assuming v,. = v, = 0, and vg = vg(r, t)
the Navier Stokes equations for vy reduce to:

%:V(3%+ﬂ_"_9) (30)

ot r or or? r2
where v is the kinematic viscosity. The evolution of temperature is obtained from energy conservation. By
including the effects of viscosity and noticing that v - VT = 0, one has
dT _ (82T | 19T avg vg\?
pege =k(Ga+ia) +ev (G- ) (31)

Let us introduce the thermal diffusivity a = pic, the Prandtl number Pr =£and the quantity T = at having the

dimensions of a square length.It is convenient to make the problem dimensionless by defining a
dimensionless velocity u = —2 and temperature 9 = Tl Equations (30-31) then become
0

JcTy

ot ror 9rz 12 (32)

a9 329 189 n%
o (22
at (6‘r2 T r 6r) + ar r

The local exergy is the sum of the kinetic energy and of the exergy due to heat exchange, given by

ou (1 ou , 9%u u)

¢ —lu249-1-1In(9) (33)
pcTo
So that the corresponding total exergy per unit length is (dB = rdrd@is the area element)
= ((y2 —1-
E=[-*-dB= [Gur+9-1 ln(19)) dB (34)

9 and u are our order parameters or thermodynamic variables. According to eq. (2), now we look at an
operator 4; ; to obtain equations in the Ginzburg-Landau form:

du SE
ot | _ (‘111 ‘112) su (35)
99 Qz1 Qpp/ |\ SE

at &9
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From eq. (32) it immediately follows that a,, = 0. Also, from eq. (34) we have —=u, 5 =1—-. ltisclear
that in this case the matrix elements a; ; are differential operators. Their explicit expressions are.
190) , 3*0) _ O 900 _ O 190 a0
an )= Pr(B2420-9) 0,00 =pr(2-9) 0,00 = 12 (r? %) (36)
or
19( 92(- .
(RO Z0_0)
AC) = r or ar?  r?
Pr (@_Q)z 12 (1220
or r ror Jar
To show that the matrix A = a; ; is negative definite, let us look at the diagonal elements: we have
SE 19 92 19(ur)
[Sai,52dB = Prfu (32 + 25 - 2)rdrd6 = Pr fus(222) rdrde (37)
Assuming the following boundary conditions lim( a(_r)) = lm(} (u %) = 0 and integrating by parts we obtain
T —>0 T
SE 19(ur)
(%0, dB =—Pr f(i) dB (38)
For the element a, ,:
8E 229 | 109
[Say,=dB = [(1 ——) (ﬁ* ) rdrd@ (39)
Assuming the following boundary conditions lim (r 2) = lm& (r 3—19) = 0 and integrating by parts we obtain
1> >
8E a9
[Say,mdB=—[—(2 ) dB (40)
For the non diagonal term a, ;:
SE au w2
[SayaB =pPrf(1-2)(3%-%) rdrde (41)
which is not negative definite for 9 > 1, i.e. if T > T,. However, the variation of the exergy, eq. (34) is
dE SE SE SE SE
E_f( U1y 5“245%19“225,9)‘15 (42)
and from eqgs. (37) through (42) we get
dE 1 (39 19 (ur) au  u\?
o= (3) dB = pr (R s prf (1-3) (- ) ap (43)

The sum of the last two terms on the right-hand side of eq. (43) can be written as
2
—Prf(3%2) aB+pPrf(1-3) (6—“—3) B =—Pr (5 )("’—“—3) dB —4Pr [22dB (44)

or r or r
Finally, the last term on the right-hand side of eq. (44) vanishes:
—4Pr [224B = 4mu?[5 = 0 (45)
where we have used the boundary conditions lim (u) = lim (u) = 0. So the matrix a; ; is not formally negative

r—ow r—0
definite, but the boundary conditions indicate that its action on the phase space is equivalent to a negative
definite matrix. Indeed, eqgs. (43) and (44) give

di:—fi(@) dB —Pr [ (a—“—ﬁ)de (46)

dt 92 \or ar T

showing that exergy decreases in time. The self similar solution of the velocity filed in (32) is usually written
as

TZ
u(r,t) = pw— (1 —e 4Prt) (47)
This solution can be extended to a one parameter family of solutions by
r2
u(r t) py— (1 —e R2+4Prt> (48)

where R is a given reference radius. Notice that the above assumptions on the boundary conditions are
satisfied for this type of solutions. The equation for the temperature is not trivial. If we assume the same type
of symmetry like in equation (48), by setting

T(r,t) =

4r?pr 2

m2(R2+4Prt)

T
RZ+4Prt

F( ) (49)
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, solves the following differential equation

2
one has that the function F(x), where x is defined by x = ———
R%+4Prt

azr dF _ (Gne*-1)*
X—+ @Pr+1)—+PrF = o (50)

Notice that the function on the right-hand side of (50) is non-negative for x > 0 and its limits for x -0 and x -
oo vanishes. The solution of (50) can be written in terms of the exponential integral function.

6. Conclusions

Scope of this study is to expand on an idea formulated by Richard Gaggioli in 2018, namely that the exergy of
a system is the genuine driver of its evolution towards equilibrium. Physically this is also somewhat intuitive:
the farther a system is from its equilibrium state, the higher its exergy and correspondingly higher its “tendency
to equilibrium” (towards its zero-exergy level, or “dead state”), activated by diffusion and dispersion of internal
and external (=with its environment) gradients. Quantifying this tendency is a different story: Gaggioli proposed
a linear dependence of the time derivative of the exergy (always negative as stipulated by the Second Law)
from the instantaneous value of the exergy itself, but such an assumption leads to an exponential decay of the
total exergy of the system irrespective of the boundary conditions, a fact not confirmed by our experience. In
line with other non-equilibrium paradigms (especially Grmela & Ottinger's GENERIC model) we revived a
model formulated by Ginzburg & Landau in 1954, that prescribes that the time evolution of any relevant
thermodynamic property (in the G-L language, “order parameter”) is related to the derivative of the exergy
w.r.t. this property. The novelty of our approach is that we treat exergy itself as “an order parameter” and link
its time derivative to an exergy functional, possibly case dependent and subjected to the physical constraints
that act as control functions. In this new approach, the decay is no longer necessarily exponential but depends
on the relevant exergy components (mechanical, thermal, chemical, etc.) and on the gradients of the physical
variables, if present. The mathematical treatment is more complicated, but the results are encouraging: in a
previous paper we showed that the model properly represents the exergy destruction due to dissipative effects
in a gas turbine expansion, and in this paper we extend the treatment to the case of a solid rod subject to
realistic boundary conditions and to the decay of an Oseen-Lamb vortex coupled with thermal diffusion. The
introduction of an exergy functional as the “process driver” leads to a generality loss w.r.t. Gaggioli’'s model,
because the functional must include the boundary conditions and is thus case-dependent, but also allows for
a more rigorous and congruent application to different physical situations.
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